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We observe that the ratio of the on-shell scattering amplitude to the Bethe-Salpeter (BS) wave
function outside the interaction range is almost independent of time in our quenched calculation
of the I = 2 two-pion scattering with almost zero momentum. In order to discuss the time inde-
pendence, we present a relation between the two-pion scattering amplitude and the surface term
of the BS wave function at the boundary. Using the relation under some assumptions, we show
that the ratio is independent of time if the two-pion four-point function in early time is dominated
by scattering states with almost zero momentum in addition to the ground state of the two-pion
scattering.
37th International Symposium on Lattice Field Theory - Lattice2019
16-22 June 2019
Wuhan, China
∗Speaker.
†E-mail: yamazaki@het.ph.tsukuba.ac.jp
c© Copyright owned by the author(s) under the terms of the Creative Commons
Attribution-NonCommercial-NoDerivatives 4.0 International License (CC BY-NC-ND 4.0). https://pos.sissa.it/
Two-pion scattering amplitude from BS wave function at the interaction boundary Takeshi Yamazaki
1. Introduction
The finite volume method derived by Lüscher [1] is widely employed for calculations of the
scattering phase shift δ (k) in lattice QCD. This method is based on a relation between δ (k) and
the two-particle energy on finite volume of L3. The relation is originally derived in quantum me-
chanics [1], and then the same relation is obtained in quantum field theory using the BS wave
function [2, 3]. While in the derivation of the relation the BS wave function outside the interaction
range R is discussed, the one inside R in the infinite volume is also related to δ (k) through the on-
shell scattering amplitude [3]. The half-off-shell scattering amplitude can be defined in a similar
way [4].
We extend the relation of the BS wave function inside R in the infinite volume to the one on
finite volume, and perform an exploratory study using the extended relation in the I = 2 two-pion
scattering with a small relative on-shell momentum k at a heavy pion mass mpi in the quenched
QCD [5]. It is found that the results of δ (k) obtained from the two methods, the finite volume
method and the extended relation, completely agree with each other, and the half-off-shell ampli-
tude can be calculated in a wide range of the momentum with reasonable statistical error. Further-
more, we confirm that similar results for the on-shell and half-off-shell amplitudes are obtained in
smaller mpi [6].
In the study, we find that a ratio of the time dependent on-shell amplitude on the lattice
HL(t,k;k) to the four-point function Cpipi(xref, t) at a reference position xref with xref = |xref| > R
is independent of time t as shown in Fig. 1. This behavior is interesting, because the numerator
and denominator have significant t dependences in small t region. Figure 2 presents the t depen-
dences for the numerator and denominator normalized by the trivial exponential t dependence of
the ground state. In this report, we discuss conditions for this t independence through a definition
of the scattering amplitude on the lattice under some assumptions. The results in this report have
already been presented in our paper [6].
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Figure 1: Ratio of time dependent on-shell amplitude on the lattice HL(t,k;k) to the two-pion four-point
functionCpipi(xref, t) at a reference point xref (xref > R) as a function of t. The vertical dashed line represents
the time slice of the Dirichlet boundary condition.
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Figure 2: Time dependences for HL(t,k;k) (Left) andCpipi(xref, t) (Right) normalized by e
Ekt with the energy
of the two-pion ground state Ek. The vertical dashed line represents the time slice of the Dirichlet boundary
condition.
2. Definitions
In this report the S-wave two-pion scattering in the center of mass frame is considered. We
assume that the interaction range is smaller than half of the spatial extent, R < L/2, and effects of
inelastic scatterings are negligible. The half-off-shell amplitude HL(p;k) is defined by the BS wave
function of the two-pion ground state on the lattice φ(x;k) [5],
HL(p;k) =−∑
x
j0(px)(∆+ k
2)φ(x;k), (2.1)
where k2 = (E2k − 4m
2
pi)/4 with the energy of two-pion ground state Ek, and ∆ is the symmetric
Laplacian on the lattice. j0(px) is the spherical Bessel function. From a ratio of the on-shell
amplitude HL(k;k) to φ(xref;k) in xref > R, δ (k) is obtained through the following relation,
HL(k;k)
φ(xref;k)
=
4pixref sinδ (k)
sin(kxref+δ (k))
. (2.2)
It is assumed that contributions for higher angular momenta of l ≥ 4 in φ(xref;k) are negligible in
the equation.
HL(p;k) can be written by a surface term using the partial integration of Eq. (2.1),
HL(p;k) =−∑
x
[(∆+ k2) j0(px)]φ(x;k)+ surf(p;k) (2.3)
with
surf(p;k) =−3
Lmax
∑
x1,2=−Lmin
[ j0(pX
′(Lmin))− j0(pX
′(Lmax+1))]φ(X
′(Lmax);k), (2.4)
where X′(a) = (x1,x2,a), Lmax = L/2, and Lmin = L/2− 1. Using this expression HL(k;k) is es-
sentially given by the surface term, in other words, φ(x;k) at the boundary on the lattice, because
(∆+ k2) j0(kx) ≈ 0 in the small k
2 as in our calculation. It is noted that since the summation in
Eq. (2.1) can be replaced by the one inside R because of (∆+ k2)φ(x;k) = 0 in x > R, HL(k;k) is
expressed by φ(x;k) at the interaction boundary with a different form of surf(k;k) [6]. A similar
relation to Eq. (2.1) is obtained in the infinite volume as discussed in Ref. [7].
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The time dependent amplitude on the lattice HL(t,k;k) is defined by the two-pion four-point
function Cpipi(x, t) as
HL(t,k;k) =−∑
x
j0(kx)(∆+ k
2)Cpipi(x, t), (2.5)
where
Cpipi(x, t) = 〈0|Φ(x, t)Ω
†(0)|0〉. (2.6)
Ω†(0) is the two-pion source operator at t = 0, where each pion operator is projected to the zero
momentum. Φ(x, t) is an A+1 projected two-pion operator,
Φ(x, t) = ∑
r
pi+(RA+1
[x]+ r, t)pi+(r, t), (2.7)
where RA+1
[x] denotes the A+1 projection.
Since we discuss the t dependences for HL(t,k;k) and Cpipi(x, t) in small t region, we consider
pipi ′ scattering states as well as the pipi scatterings inCpipi(x, t), where pi
′ is the first radial excitation
of pi . Then, Cpipi(x, t) is written by those states as,
Cpipi(x, t) = ∑
q
Aq(t)φ(x;q)+∑
q′
A′q′(t)φ(x;q
′) = Ak(t)φ(x;k)(1+δCpipi (x, t)), (2.8)
where Aq(t)=Cqe
−Eqt and A′q′(t)=C
′
q′e
−E ′
q′
t
with Eq = 2
√
m2pi +q
2 and E ′q =
√
m2pi +q
2+
√
m2pi ′ +q
2.
Cq and C
′
q′ are overall constants, and δCpipi(x, t) is all the excited state contributions divided by the
ground state contribution of pipi scattering, Ak(t)φ(x;k). In the t ≫ 1 region, where the ground
state dominates in Cpipi(x, t), the ratio HL(t,k;k)/Cpipi (xref, t) is reduced to the ratio in Eq. (2.2).
Note that it is straightforward to include pi ′pi ′ scattering states in this discussion [6]. Using a rela-
tion of surf(k;q),
−∑
x
j0(kx)(∆+ k
2)φ(x;q) = surf(k;q), (2.9)
which is obtained using integration by parts under the assumption (∆+ k2) j0(kx) = 0, HL(t,k;k) is
written in a similar form to Eq. (2.8), HL(t,k;k)=Ak(t)HL(k;k)(1+δHL(t,k;k)), where δHL(t,k;k)
is given by the sum of the surface terms for the excited states,
δHL(t,k;k) =
∑
q6=k
Aq(t)surf(k;q)+∑
q′
A′q′(t)surf(k;q
′)
Ak(t)HL(k;k)
. (2.10)
3. Time independence of HL(t,k;k)/Cpipi(xref, t)
The t dependence of the ratio HL(t,k;k)/Cpipi (xref, t) is explained by excited state contributions
in Eqs. (2.8) and (2.10),
HL(t,k;k)
Cpipi(xref, t)
=
HL(k;k)
φ(xref;k)
1+δHL(t,k;k)
1+δCpipi(xref, t)
. (3.1)
As shown in Fig. 1, this ratio behaves as a constant in t. In the following we discuss sufficient
conditions for the t independence of the ratio using the surface term surf(k;q).
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In a large t region, the excited state parts decrease exponentially compared to unity and the
ground state dominates in both numerator and denominator, so that the flat behavior in Fig. 1 is
easy to understand. On the other hand, in a small t region, it requires a nontrivial cancellation of
the t dependences in the excited state parts of Eq. (3.1), i.e, δHL(t,k;k) = δCpipi(xref, t). In order to
make the discussion simple, we assume that the t dependences reasonably coincide in each state,
in other words,
surf(k;q)
surf(k;k)
∼
φ(xref;q)
φ(xref;k)
, (3.2)
for each state with the momentum q, where we use HL(k;k) = surf(k;k).
φ(x; p) in x > R is proportional to the solution of the Helmholtz equation G(x; p) on finite
volume [1],
G(x; p) =
1
L3
∑
q∈Γ
eix·q
q2− p2
, (3.3)
with
Γ = {q|q=
2pi
L
n,n ∈ Z3}. (3.4)
Furthermore, surf(k; p) can be evaluated with G(x; p), because surf(k; p) is given by φ(x; p) at
the boundary, where x > R is satisfied, as shown in Eq. (2.4). Thus, the condition in Eq. (3.2) is
rewritten in terms of G(x; p),
Rsurf(k; p)
Rsurf(k;k)
∼ 1, (3.5)
where
Rsurf(k; p) =
surfG(k; p)
G(xref; p)
. (3.6)
surfG(k; p) is the same as the surface term in Eq. (2.4), while the BS wave function is replaced by
G(X′(Lmax); p).
The ratio Rsurf(k; p)/Rsurf(k;k) is plotted as a function of p
2 in Fig. 3 with a reference position
xref = (12,7,2). The left panel presents that the ratio agrees with unity within 3% in the small
momentum region of k2 ≤ p2 ≤ 10k2. This ratio decreases rapidly and significantly differs from
unity near the non-zero smallest momentum on finite volume, p = 2pi/L, denoted by the vertical
dashed line in the right panel.
From the evaluation of Rsurf(k; p) we conclude that the condition in Eq. (3.2) is reasonably sat-
isfied for states with almost zero momentum, whose value is similar to k. In Cpipi(x, t) such a state
is identified as the lowest pipi ′ scattering state, which is expected to have almost zero momentum.
Therefore, the sufficient condition for the t independence of HL(t,k;k)/Cpipi (xref, t) is that in small
t region the lowest pipi ′ scattering state has a large contribution as well as the ground pipi state,
and other excited states are negligible in HL(t,k;k) andCpipi(xref, t). The conditions are reasonable,
because Cpipi(x, t) is calculated using the zero momentum projected pi operator, so that scattering
states with finite momentum are largely suppressed compared to the almost zero momentum scat-
tering states. Furthermore, since we observe significant effect of the pi ′ state in the effective mass of
the single pi correlator in t < 10, it is expected that the lowest pipi ′ state also has a large contribution
in Cpipi(x, t) in the t region.
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Figure 3: p2 dependence of the ratio of Rsurf(k; p)/Rsurf(k;k) with Rsurf(k; p) in Eq. (3.6) at a reference
position xref = (12,7,2). The left and right panels are the ratio in small and large momentum regions,
respectively. The vertical dashed line in the right panel expresses p = 2pi/L.
4. Summary
We have observed an interesting behavior, that the ratio HL(t,k;k)/Cpipi (xref, t) is independent
of t, in the calculation of δ (k) from the BS wave function φ(x;k) inside R. To discuss sufficient
conditions for the t independence of the ratio, we have derived another expression of the half-off-
shell amplitude on the lattice, which is written by the surface term, in other words, the summation
of φ(x;k) at the boundary. Not only pipi but also pipi ′ scattering states in Cpipi(x, t) are considered,
because we discuss HL(t,k;k)/Cpipi (xref, t) in the small t region. Under an assumption that the t
dependences for δHL(t,k;k) and δCpipi(xref, t) reasonably agree in each state, we have obtained
a condition given by the surface term and the BS wave function. The condition is examined by
evaluating these quantities using the solution of the Helmholtz equation on finite volume. From
the evaluation, we have found that the condition is satisfied when excited states have almost zero
momentum. Thus, the sufficient condition for the t independence of HL(t,k;k)/Cpipi (xref, t) is that
Cpipi(x, t) is dominated by the lowest pipi and pipi
′ scattering states with almost zero momentum
in small t region. In order to confirm this condition analysis of Cpipi(x, t) with more sophisticated
method is required, such as the variational method [8].
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